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Abstract. Recently, the validity of the guiding-center approach to model relativistic
runaway electrons in tokamaks has been challenged by full-orbit simulations that
demonstrate the breakdown of the standard magnetic moment conservation. In this
paper, we derive a new expression for the magnetic moment of relativistic runaway
electrons, which is conserved significantly better than the standard one. The new
result includes one of the second-order corrections in the standard guiding-center theory
which, in case of runaway electrons with p‖ ≫ p⊥, can peculiarly be of the same order
as the lowest-order term. The better conservation of the new magnetic moment also
explains the collisionless pitch-angle-scattering effect observed in full-orbit simulations
since it allows momentum transfer between the perpendicular and parallel directions
when the runaway electron is accelerated by an electric field. While the derivation
of the second-order correction to the magnetic moment in general case would require
the full extent of the relativistic second-order guiding-center theory, we exploit the
Lie-perturbation method at the limit p‖ ≫ p⊥ which simplifies the computations
significantly. Consequently, we present the corresponding guiding-center equations
applicable to the highly relativistic runaway electrons.
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1. Introduction
When the energy of an electron in a plasma surpasses a certain threshold, a strong
enough parallel electric field may accelerate it to extremely high energies, due to the
fact that the collisional drag force decreases with the increasing electron energy [1–
3]. Such electrons are called runaway electrons (REs) [4], and have been found in
tokamak experiments during the startup [5] and flat-top [6, 7] phases, and especially
during disruptions [8, 9]. It is predicted that in a large tokamak device like ITER, a
large population of runaway electrons could be generated in a typical disruption event,
with energies in tens of MeVs [10–13]. Such runaway electrons have the potential to
cause significant damage to the device, raising one of the key questions for planning
disruption mitigation in ITER. It is thus critical to have physical understanding and
reliable simulation tools to model the highly relativistic runaway electrons in a tokamak
geometry.
In strongly magnetized plasma, the motion of a runaway electron consists of rapid
gyration around the magnetic field line, fast parallel motion along the field line, and
slow drift across the field lines. For the sake of numerical efficiency, it would be desirable
to apply the so-called guiding-center [14–16] approximation which decouples the rapid
gyro-motion from the parallel and drift motions. Recent studies, however, hint that
the guiding-center approximation might not necessarily be valid for tracing the highly
relativistic REs [17, 18]. By tracking the full orbit of electrons in 6-D phase-space, it has
been claimed that for highly relativistic REs, the magnetic moment µ would not remain
an adiabatic invariant, even in the absence of dissipative effects. In the literature this
phenomena is referred to as “collisionless pitch-angle scattering”. It has been argued
that for runaway electrons with v‖ ∼ c and γr ≫ 1 (v‖ is the parallel velocity, c is
the speed of light, and γr is the Lorentz factor), due to the curved magnetic field in
tokamak geometry, the variation of the magnetic field B along the electron trajectory
within one gyro-period is not small, hence breaking the assumption behind the guiding-
center approximation. However, according to the simulation results presented in [17],
the breakdown of µ conservation appears to happen even if γr is not very large and the
conditions for guiding-center approximation could still be regarded as valid.
In this paper, we address the mystery described above and demonstrate that
relativistic runaway electrons still display a magnetic moment that can be regarded
as a good adiabatic invariant over sufficiently long periods of time. The corrections that
we derive depend not only on the momentum perpendicular to the magnetic field (p⊥),
but also on the parallel momentum (p‖) and the magnetic field-line curvature vector (κ).
To understand the origin of these corrections, we revisit the Hamiltonian guiding-center
theory and the derivation of the relativistic guiding-center phase-space Lagrangian using
the non-canonical Lie-perturbation method [15, 19, 20]. In our derivation, in addition to
the standard guiding-center ordering (ρ‖ ≪ L, ρ⊥ ≪ L, where ρ‖ = p‖/qB, ρ⊥ = p⊥/qB,
q is the charge, and L is the scale length of magnetic field inhomogeneity), we introduce
the condition p⊥ ≪ p‖. This assumption greatly simplifies the derivation of the guiding-
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center theory, and lets us carry it trough to second order with not much trouble. Were
the ordering p⊥ ≪ p‖ not introduced, one would be forced to carry out the second-
order guiding-center theory to full extent which is an intimidating task only a handful
of authors have ever engaged upon [21–24], and none in the relativistic case. With the
help of the additional ordering assumption, we find a new relativistic guiding-center
phase-space Lagrangian and the corresponding equations of motion that decouple the
gyro-motion from the parallel and drift motions. Most importantly, our derivation
underlines that the root cause for the observed collisionless pitch-angle scattering most
likely is the existence of an adiabatically invariant µ, in contrary to what has been
previously proposed: our expression provides a channel for momentum transfer between
parallel and perpendicular directions that matches the full-orbit simulations quite well.
Hence the presented work paves the road for better understanding of the simulations of
relativistic runaway electrons in tokamaks.
The rest of this paper proceeds in a following manner. In Sec. 2, we present the
new expression for the magnetic moment of relativistic runaway electrons, use full-orbit
simulations to demonstrate that it is conserved significantly better than the standard
expression, and explain the collisionless pitch-angle-scattering effect as a consequence
of it. In Sec. 3, we follow the Lie-perturbation method to derive the guiding-center
transformation for relativistic REs assuming p⊥ ≪ p‖, providing the corresponding
phase-space Lagrangian. In Sec. 4, we derive the associated guiding-center Poisson
bracket and the equations of motion and, in Sec. 5, we discuss how the magnetic moment
introduced in Sec. 2 is consistent with the second-order nonrelativistic guiding-center
theory at the limit p⊥ ≪ p‖. Finally, Sec. 6 concludes our work.
2. Asymptotic invariance of magnetic moment and collisionless pitch-angle
scattering
As shown in [17, 18], for relativistic runaway electrons in tokamaks, the standard
expression for the magnetic moment, µ0 = p
2
⊥/2mB, does not remain a good adiabatic
invariant. In fact, it was shown that, as the electron is accelerated, µ0 can grow to 100
times its original value, displaying strong oscillations with a timescale corresponding to
the gyroperiod. This was considered as an indication of the breakdown of the magnetic
moment and the standard guiding-center theory. The story, however, is slightly more
complicated.
We start by introducing a new expression for the magnetic moment of relativistic
runaway electrons (this will be derived later using Lie-perturbation methods). The
expression consists of three terms
µ =
|p⊥ + p
2
‖κ× b/(qB)|
2
2mB
,
= µ0 + µ1 + µ2, (1)
µ0 =
|p⊥|
2
2mB
, µ1 =
p2‖p⊥ · κ× b
qmB2
, µ2 =
p4‖
q2B2
|κ× b|2
2mB
, (2)
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where b = B/|B| is the magnetic field unit vector, p⊥ = b × (p × b) is the kinetic
momentum perpendicular to b, p‖ = p·b is the momentum parallel to b, and κ = b·∇b
is the magnetic field-line curvature vector. The term µ1 is familiar from the relativistic
first-order guiding-center theory and we expect that µ2 would be found the same way
lurking at second order. It is, however, a devious task to carry out the second order
theory to full extent. The only second order expression for µ we are aware of was derived
using the guiding-center automation algorithm [22] in the nonrelativistic case. Assuming
that the expression in [22] would generalize to the relativistic case, it would coincide
with our µ2 assuming the additional ordering p⊥ ≪ p‖. Note that while our expression
was derived for a relativistic case, it is strictly valid only if p⊥ ≪ p‖ is assumed.
To illustrate the behavior of the new µ, we carry out full-orbit simulations with an
advanced phase-space volume-conserving algorithm [17]. The simulations are conducted
with parameters similar to the EAST tokamak: major radius R0 = 1.7m, safety factor
q = 2, central magnetic fieldB0 = 3T. The initial parallel and perpendicular momentum
of the test runaway electron are set to p‖0 = 5mc and p⊥0 = mc respectively, and
the toroidal electric field is E = 0.2V/m. The initial position of the test electron is
R = 1.8m and Z = 0.0m, which is close to the magnetic axis.
In Fig. 1, the panel (a) depicts the time evolution of the test runaway electron’s
parallel momentum p‖, which keeps growing in time due to the electric field acceleration,
and panel (b) shows the corresponding evolution of ρ‖/R0, which characterizes the
validity of the guiding-center approximation. As is clear, the quantity ρ‖/R0 grows large,
indicating that the standard guiding-center theory likely breaks down, and that higher-
order contributions are necessary to recover valid asymptotic guiding-center motion and
an adiabatic invariant corresponding to µ.
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Figure 1. The time evolution of p‖ (a) and ρ‖/R0 (b) for the test electron.
The evolution of µ, as defined in Eqs. (1-2), is illustrated in Fig. 2 and Fig. 3
until 1.0 s and 3.5 s respectively, with contributions from µ0, µ1, and µ2 separated.
The standard magnetic moment µ0 clearly is not conserved at all and experiences
strong oscillations and drift, in agreement with the previous studies presented at [17].
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The expression µ = µ0 + µ1 + µ2, however, experiences orders of magnitudes smaller
deviations and drift from its original value. Nevertheless, if the simulation is carried until
several seconds, also this expression starts to oscillate and drift significantly as ρ‖/R0
becomes larger and breaks the second-order guiding-center theory. As the sequence
µ0, µ0 + µ1, µ0 + µ1 + µ2 clearly displays convergence, the simulations indicate that an
asymptotic invariant could well exist but one would need to use even higher-order theory
to find an expression valid for times scales of seconds.
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Figure 2. (a) The time evolution of µ0, µ1, µ2, and the new magnetic moment µ
which is the sum of them, from 0 to 1s. (b) A zoomed-in of the time evolution of µ.
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Figure 3. (a) The time evolution of µ0, µ1, µ2, and µ, from 0 to 3.5s. (b) A zoomed-in
of the time evolution of µ.
To explain the observed pitch-angle-scattering effect, we first note that the quasi-
conservation of the higher-order magnetic moment provides a channel for converting
parallel momentum to perpendicular momentum. As indicated in Eq. (1), µ depends
on both p⊥ and p‖. Given that for REs, p‖ will keep growing because of the electric
field acceleration, then, to make µ an invariant, p⊥ will also grow. Furthermore, we can
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solve Eq. (1) for p⊥ in terms of p‖ and µ according to
p⊥ =
√√√√(p2‖κ× bqB
)2
+ 2µmB + p2‖
|κ× b|
qB
√
2µmB cos θ, (3)
where θ is the angle between κ × b and p⊥ + p
2
‖κ × b/(qB). If we ignore the cross
product term assuming it is an oscillatory term, we can get an approximate value p′,
p′⊥ =
√√√√(p2‖κ× bqB
)2
+ 2µmB. (4)
The value of p⊥/p‖ and p
′
⊥/p‖ as functions of time from the full-orbit simulation
is plotted in Fig. 4, which characterize the pitch-angle of the electrons. Despite the
oscillatory part, the values of these two quantities are very close even after the guiding-
center ordering breaks down. According to the results shown in Fig. 4, the increase of p⊥
and pitch-angle from the full-orbit simulation can be explained through the conservation
of µ in Eq. (1) to a large extent. This gives an explanation of the collisionless pitch-angle
scattering observed in [17, 18]. This scattering effect can be important for the dynamics
of runaway electrons, including their radiation effects, the energy distribution and the
coupling to plasma MHD behaviors.
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Figure 4. The change of p⊥/p‖ and p
′
⊥/p‖ with time for the test electron.
3. Guiding-center transformation for relativistic runaway electrons
In this section we introduce a guiding-center transformation for relativistic runaway
electrons. The transformation is based on the non-canonical Hamiltonian mechanics
approach using Lie perturbation method [15, 19, 20], which is based on the guiding-
center ordering. By doing an infinitesimal transformation of the coordinates through
a generating function G, we manage to remove the rapid gyro motion from both
the Lagrangian and the Hamiltonian. We will show that in order to achieve such
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transformation for runaway electrons with p⊥ ≪ p‖, a new set of guiding-center
coordinates needs to be introduced, including the new magnetic moment µ and the
corresponding gyro phase angle θ, which is different from those in the standard guiding-
center theory.
We begin with the Lagrangian in the local particle coordinates (x,p). The Poincare´-
Cartan-Einsteinphase-space-time one-form for a charged particle in the magnetic field
can be written as
γ = qA · dx+ p · dx− wdt, (5)
where A is the vector potential of the magnetic field B. p is the kinetic momentum
of the particle. w is the particle energy. We can also write the relativistic particle
Hamiltonian h as [16],
h = mc2
√
1 + p2/m2c2 − w. (6)
Since the guiding-center transformation is an infinitesimal transformation, we need
to introduce the a small parameter ǫ. According to guiding-center ordering, ρ‖/L≪ 1,
ρ⊥/L ≪ 1. In addition, for many of the runaway electrons, the condition p‖ ≫ p⊥ is
true. Therefore, we set
ρ‖
L
= ǫ,
p⊥
p‖
= ǫ. (7)
A result from the above ordering is
ρ⊥
L
= ǫ2. (8)
The reason we use the same ǫ for both ratios are as follows. As shown in Eq. (3), for RE
with momentum dominated by p‖, the second and the third terms on the right-hand-side
are ignorable compared to the first one. In this case the value of p⊥/p‖ is the same of
ρ‖/L. This can also be illustrated by comparing Fig. 1 (b) and Fig. 4 for the later time
part.
The phase-space-time one-form can then be expanded as
γ = γ0 + ǫγ1 + ǫ
2γ2 + . . . , (9)
where
γ0 = qA · dx+ p‖b · dx− wdt, (10)
γ1 = p⊥ · dx, (11)
γ2 = 0. (12)
Similarly, the Hamiltonian can be expanded as
h = h0 + ǫh1 + ǫ
2h2 + . . . , (13)
where
h0 = mc
2
√
1 + p2‖/m
2c2 − w, (14)
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h1 = 0, (15)
h2 =
p2⊥
2m
√
1 + p2‖/m
2c2
. (16)
We now use the Lie perturbation method to find the guiding-center transformation
and the new phase-space-time one-form. The Lie-transform push-forward operator is
defined as,
T−1 = exp(−
∑
n
ǫnLGn) = 1− ǫLG1 − ǫ
2LG2 +
1
2
ǫ2L2
G1
+ . . . (17)
where LGn is the Lie-derivative generated by a vector field Gn. The Lie derivative of a
one-form can be calculated as
LGγ = iG · dγ + d(iG · γ), (18)
where i is the contraction operator and d is the exterior derivative.
The guiding-center transformation of the phase-space-time one-form and the
Hamiltonian is
Γ = T−1γ = Γ0 + ǫΓ1 + ǫ
2Γ2 (19)
H = T−1h = H0 + ǫH1 + ǫ
2H2 (20)
The expressions for the first order terms are simply,
Γ0 = γ0 = qA(X) · dX+ p‖b(X) · dX− wdt (21)
H0 = h0 = mc
2
√
1 + p2‖/m
2c2 − w (22)
Here all the terms are evaluated in the guiding-center coordinates. To the zeroth order,
we adopt X = x in the present study.
The first order term in the guiding-center one-form can be obtained as
Γ1 = γ1 − (LG1γ0)1 + dS1 (23)
H1 = −LG1h0 (24)
where S1 is the gauge function. (LG1γ0)1 is the term in (LG1γ0) with the order of ǫ.
Direct calculation of the the Lie derivative reveals that
LGγ0 = qB×G
X · dX+Gp‖b · dX−GX · bdp‖ − p‖G
X ×∇× b · dX
+ d(iG · γ0), (25)
LGh0 =
p‖/m√
1 + p2‖/m
2c2
Gp‖. (26)
Note that the last term in Eq. (25) is an exact derivative and can be combined into the
gauge term dS1. According to the ordering ρ‖ ≪ L, the fourth term p‖G
X × ∇ × b
on the right-hand-side is one order of magnitude smaller than the first term qB×GX .
Therefore for the Lie derivative LG1γ0, we will ignore the fourth term. The fourth term
will be denoted as (LG1γ0)2 and included Γ2 instead.
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Note that the p⊥ term in γ1 is a rapid oscillatory term. To make Γ1 independent
of gyro motion, we can choose
GX
1
= −
p⊥ × b
qB
(27)
to cancel the p⊥ term term. However, this is not the unique choice of G
X
1
. The term
GX
1
can also contain other terms that are independent of the gyro motion. Here we
choose GX
1
as
GX
1
= −
(p⊥ − p⊥a)× b
qB
, (28)
where
p⊥a = −p
2
‖
κ× b
qB
, (29)
which is of the order ǫ (the same as p⊥). This transformation eliminates the gyro motion
dependence in Γ2, thus the other components of G1 are not necessary and can be set to
zero. In terms of this, Γ1 and H1 can be written as
Γ1 = p⊥a · dX+ dσ1, (30)
H1 = 0, (31)
where dσ1 includes the derivative of the gauge function, dS1, and the other exact
derivative terms.
The second order term in the guiding-center one-form can be calculated as
Γ2 = γ2 − (LG1γ0)2 − LG2γ0 − LG1γ1 +
1
2
L2
G1
γ0 + dS2,
= γ2 − (LG1γ0)2 − LG2γ0 −
1
2
LG1γ1 −
1
2
LG1Γ1 + dS
′
2
, (32)
H2 = h2 − LG2h0, (33)
where S ′
2
= S2 − (1/2)iG1dS1. Note that in this expression, the LG1Γ1 term will be of
the order ǫ3, since both GX
1
and Γ1 are order ǫ, and the Lie derivative will introduce
another spatial gradient (Here we choose G1 to only contain G
X
1
). We first consider the
second term (LG1γ0)2, which is the fourth term in Eq. (25) that we dropped previously,
−p‖G
X
1
×∇× b · dX = −p‖τG
X
1
× b · dX− p‖G
X
1
· κb · dX, (34)
where τ = b · ∇ × b. The third term LG2γ0 can be calculated similar to Eq. (25), and
only the leading order terms are kept. For the fourth term,
LG1dγ1 = −G
X
1
×∇× p⊥ · dX−
∂p⊥
∂p‖
·GX
1
dp‖ −
∂p⊥
∂µ
·GX
1
dµ
−
∂p⊥
∂θ
·GX
1
dθ + d(iG1 · dγ1). (35)
Note that the first term will be of the order ǫ3, since both GX
1
and p⊥ are of the order
ǫ, and the spatial gradient will introduce another ǫ. Therefore for Γ2 we will consider
the other terms.
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Following the above derivations, the second-order guiding-center one-form can be
written as
Γ2 = − (qB×G
X
2
+ p‖τG
X
1
× b) · dX− (G
p‖
2 + p‖G
X
1
· κ)b · dX
−
(
GX
2
· b−
1
2
∂p⊥
∂p‖
·GX
1
)
dp‖ +
1
2
∂p⊥
∂µ
·GX
1
dµ
+
1
2
∂p⊥
∂θ
·GX
1
dθ, (36)
H2 =
p‖/m√
1 + p2‖/m
2c2
G
p‖
2 +
p2⊥
2m
√
1 + p2‖/m
2c2
. (37)
To ensure that the term with b · dX in Γ2 does not depend on gyro-motion, we can
choose
G
p‖
2 = −p‖G
X
1
· κ. (38)
This choice will affect the Hamiltonian H2, which involves two terms that both depend
on the gyro motion. However, using Eq. (1) and Eq. (29), H2 can be written as,
H2 =
µB√
1 + p2‖/m
2c2
+
p2⊥a
2m
√
1 + p2‖/m
2c2
, (39)
which becomes independent on θ.
We now consider the dµ and dθ terms in Γ2. According to Eq. (1) and Eq. (29), µ
measures the absolute value |p⊥ − p⊥a|. In terms of that, we can choose θ as the slope
angle for the vector p⊥ − p⊥a. The value of p⊥ can be expressed as
p⊥ = p⊥a +
√
2mµB⊥ˆ(X, θ), (40)
where ⊥ˆ(X, θ) is the unit vector characterizing the direction of p⊥ − p⊥a. This
relationship yields
∂p⊥
∂θ
·GX
1
= (p⊥ − p⊥a)× b ·G
X
1
=
2mµ
q
, (41)
and
∂p⊥
∂µ
·GX
1
=
p⊥ − p⊥a
2µ
·GX
1
= 0. (42)
For the dX and dp‖ terms in Eq. (36), we can choose
GX
2
=
τp‖
qB
GX
1
−
p‖κ× b
qB
·GX
1
b, (43)
to make both terms vanish. After these simplifications, Γ2 can be rewritten as
Γ2 =
mµ
q
dθ. (44)
Thus
Γ = Γ0 + ǫΓ1 + ǫ
2Γ2 + . . .
= qA · dX+ p‖b · dX− ǫp
2
‖
κ× b
qB
· dX+ ǫ2
mµ
q
dθ − wdt+ . . .
H = H0 + ǫH1 + ǫ
2H2 + . . .
= γrmc
2 − w + . . . (45)
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where
γr =
√√√√
1 +
p2‖
[
1 + ǫ2p2‖κ
2/(q2B2)
]
+ 2ǫ2mµB
m2c2
(46)
is the Lorentz factor in the guiding-center coordinates. In this derivation, we put the
terms into the square root by introducing correction terms of higher order.
In the above derivation we didn’t include the effects of electric potential in the
phase-space-time one form. Although the acceleration from electric force is very
important for REs, the acceleration is mainly due to the inductive electric field instead
of static one, which can be described by the change of the magnetic field vector potential
with time, ∂A/∂t. The static electric field and the potential energy associated with it
can be regarded as a high order term in the particle Hamiltonian, compared to the
kinetic energy. Therefore we can set the electric potential energy, qΦ, as a high-order
term ǫ2 in the guiding-center Hamiltonian,
H = γrmc
2 + qΦ− w + . . . . (47)
4. Equation of motion of guiding-center coordinates
Using the symplectic part of the phase-space-time one form, we can derive the guiding-
center Poisson bracket for relativistic runaway electrons [16, 25],
{F,G}gc =
q
m
(
∂F
∂θ
∂G
∂µ
−
∂F
∂µ
∂G
∂θ
)
+
B∗
B∗‖
·
(
∇∗
∂G
∂p‖
−
∂F
∂p‖
∇∗G
)
−
b∗
qB∗‖
· ∇∗F ×∇∗G
+
(
∂F
∂w
∂G
∂t
−
∂F
∂t
∂G
∂w
)
, (48)
where
A∗ = A+
p‖
q
b− p2‖
κ× b
q2B
, (49)
B∗ = ∇×A∗, (50)
b∗ = b− 2p‖
κ× b
qB
, (51)
B∗‖ = B
∗ · b∗. (52)
∇∗ = ∇− q
∂A∗
∂t
∂
∂w
(53)
Base on that, we can obtain the Hamiltonian equation of motion for each coordinate.
We find that, to the leading order,
X˙ = {X, H}gc =
p⋆‖
γrm
B∗
B∗‖
+
b∗
qB∗‖
×
(
∇H +
∂A∗
∂t
)
, (54)
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p˙‖ = {p‖, H}gc = −
B∗
B∗‖
·
(
∇H +
∂A∗
∂t
)
, (55)
µ˙ = {µ,H}gc = 0, (56)
θ˙ = {θ,H}gc =
qB
γrm
, (57)
where
p⋆‖ = p‖ + 2p
3
‖
κ2
q2B2
, (58)
∇H =
1
γr
(
µ∇B +
p4‖
2mq2
∇
κ2
B2
)
+ q∇Φ. (59)
Note that both the Possion bracket and the equations of motion are very similar
to those of standard guiding-center coordinates [16], and the difference are all higher
order corrections. This means that most of the established frameworks of guiding-center
simulation can be applied to runaway electron studies in the lower energy regime (so
that the guiding-center ordering still holds) with slight modifications, and can be used
to study the runaway electron dynamics in tokamaks like the case in Sec. 2. However,
for highly energetic runaway electrons, the guiding-center ordering ρ‖ ≪ L will not
hold any more because of the Lorentz factor. In this case, one has to rely on full-orbit
simulation model to study the dynamics of runaway electrons.
5. Comparison with higher order terms of magnetic moment in standard
guiding-center theory
It is realized in the derivation in Sec. 3 that the difference of the new guiding-center
coordinates from the standard ones, including the new magnetic moment, is caused by
a new ordering p⊥ ∼ ǫp‖. In the standard derivation of guiding-center coordinates, the
µ1 and µ2 terms in Eq. (1) will only appear in the higher order corrections to µ. In
literature, there are very few instances of an explicit expression for the higher order
correction to the magnetic moment. For a nonrelativistic particle such an expression
can be found in Ref. [22]. It is likely that the expression can be generalized to be
applicable for a relativistic particle by simply replacing any mv with p.
As shown in [22], the second order correction to µ for arbitrary p and a general
magnetic field is very complicated. However, after applying the runaway electron
ordering (p⊥ ∼ ǫp‖), we find that most of the terms in µ1 and µ2 expressions in [22]
are actually of O(ǫ3) or higher order, and the expression can be greatly simplified by
omitting them.
By introducing the new ordering, the second order term in the µ1 expression in [22]
is
µ1 =
1
qm|B|2
(
1
4
p · ∇b · (p× b)(p · b)−
5
4
b× κ · p(p · b)2
)
,
=
p⊥ · (κ× b)p
2
‖
qmB2
+O(ǫ3). (60)
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The second order term in the µ2 in [22] is
µ2 =
1
mq2
[
p‖
6|B|3
pp : ∇∇(b · p)−
29p2‖
24|B|3
λ · λ+
5p2‖
12|B|3
bp : ∇∇(b · p)
+
5p3‖
3|B|3
λ · κ+
5p3‖
12|B|3
bb : ∇∇(b · p) +
25p4‖
24|B|3
κ · κ
]
,
=
p4‖κ
2
2mq2B3
+O(ǫ3). (61)
where λ = p · ∇b, and we have used the equation
b · (bb : ∇∇)b = −κ · κ. (62)
This equation can be proved using the fact that b ·b = 1 is a constant. Therefore, with
a small parameter α,
b(X+ αb)2 = b(X)2 + 2αb · (b · ∇)b+ α2b · (bb : ∇∇)b
+ α2[(b · ∇)b]2 +O(α3). (63)
Examining the terms with α and α2 reveals that
b · κ = 0, (64)
b · (bb : ∇∇)b+ κ · κ = 0. (65)
Combining µ0 and µ1, µ2,
µ0 + µ1 + µ2 =
1
2mB
∣∣∣∣∣p⊥ + p2‖κ× bqB
∣∣∣∣∣
2
. (66)
which is the same as Eq. (1).
In this section we only consider the terms of ǫ2 in µ in the runaway electron guiding-
center ordering. For highly relativistic runaway electrons, the value of ǫ becomes larger,
and the higher order terms can become more important. This is the reason that the
value of µ can deviate from its original value in the later time in Fig. 3. The significance
of these high order correction terms indicates the breakdown of the guiding-center
approximation, as discussed in [17].
6. Conclusion
In this paper we show that for runaway electrons, the breakdown of lowest magnetic
magnetic moment in standard guiding-center theory as an adiabatic invariant can be
partly addressed by introducing a new expression of magnetic moment, assuming that
the guiding-center ordering is still valid. The new magnetic moment includes correction
terms depending on p‖ and the magnetic field curvature, which can be found in the higher
order corrections of µ in the standard guiding-center theory. Using the fact that runaway
electrons have anisotropic distribution in momentum space (p⊥ ≪ p‖), we successfully
derived a new set of guiding-center coordinates and the corresponding phase-space-time
one-form for runaway electrons, including the new expression for magnetic moment. In
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addition, with the help of a full-orbit particle simulation model, we show that the new
expression for magnetic moment is conserved much better than the standard magnetic
moment.
Using the new expression for µ and assuming it is a good invariant, we explain
the collisionless pitch-angle scattering found previously [17, 18]. This explanation does
not violate the guiding-center ordering, implying that a simulation model based on the
guiding-center approximation can still be applied to study runaway electrons in certain
cases. Using the non-canonical Hamiltonian approach, we derived a new Poisson bracket
and a new set of equations of motion for guiding-center coordinates, which can be used to
develop a guiding-center simulation framework for runaway electrons. However, the work
presented will be invalid for runaway electron with extremely high energy (> 80MeV),
for which the presented second-order guiding-center theory breaks down. In this case a
full-orbit particle simulation is required.
In addition to the breakdown of guiding-center approximation, the conservation
of magnetic moment can also be violated through dissipative forces, including the
collisions and radiation forces. For relativistic runaway electrons, the collisional
effects are weak, but the radiation effects including synchrotron radiation [26–29] and
bremsstrahlung [30, 31] can be significant since the radiation power increases with
particle energy. Fortunately, the radiation effects can be addressed within the guiding-
center framework, by transforming the radiation forces from particle coordinates to
guiding-center coordinates [25]. Note that in [25], the radiation reaction effects due
to particle gyro-motion is transformed to guiding-center coordinates, but the radiation
effects due to magnetic field curvature is missing since the transformation is only taken
to the first order. In order to capture this effect, one can use the runaway electron
guiding-center ordering in Eq. (7) and the guiding-center coordinates introduced in this
paper to transform the radiation force. This will be discussed in future.
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Appendix A. Proof of uniqueness of µ
In the previous derivations, we first introduce the definition of µ (Eq. (1)) and then
show it is a good candidate of magnetic moment. In this section, we illustrates that in
order to get the desired form of Γ, this choice of µ is unique.
We start from the dµ and dθ terms in Eq. (36). To have the desired expression in
the one-form, we want
∂p⊥
∂µ
·GX
1
= 0,
∂p⊥
∂θ
·GX
1
=
2mµ
q
. (A.1)
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We first decide the definite of θ. We choose θ as the slope angle of the vector
p⊥ − p⊥b, where pb is a variable depending on p‖ and X. In this case,
∂p⊥
∂µ
·GX
1
=
∂|p⊥ − p⊥b|
∂µ
p⊥ − p⊥b
|p⊥ − p⊥b|
·
(p⊥ − p⊥a)× b
qB
= 0. (A.2)
To satisfy this condition, it is required that p⊥b = p⊥a.
Given that, the expression of µ is
µ =
q
2m
∂p⊥
∂θ
·GX
1
=
|p⊥ − p⊥a|
2
2mB
. (A.3)
Then we turn to the expression of H2 in Eq. (37).
H2 =
1√
1 + p2‖/m
2c2
[
p2‖
qBm
(κ× b) · (p⊥ − p⊥a) +
1
2m
p2⊥
]
. (A.4)
We know that in order to have the desired form of guiding-center Hamiltonian, H2
should be expressed as aµB + b, where a and b are θ independent. In terms of that, we
compare the p⊥ term in Eq. (A.3) and Eq. (A.4). We found that the only choice that
can satisfy this condition is
p⊥a = −p
2
‖
κ× b
qB
, (A.5)
which is the choice we made in the main text. Then we can obtain Eq. (1) according to
Eq. (A.3).
Appendix B. Derivation of guiding-center one-form using initial Lie
transform
An alternative approach to derive the guiding-center one-form for relativistic runaway
electrons is to apply a zeroth order Lie transform at the particle one-form initially, before
the guiding-center approximation. The initial Lie transform can be expressed as
T−1
0
= exp (−LG0) (B.1)
where
Gx
0
= 0 Gp0 = −
(p · b)2
qB
κ× b. (B.2)
The transformed particle one-form is
T−1
0
γ = qA · dx+ (p‖b+ p⊥) · dx−
p2‖
qB
κ× b · dx− wdt (B.3)
and the Hamiltonian is
T−1
0
h = mc2γ−
p2‖
γmqB
κ×b·p⊥+
1
2
p4‖
γmq2B2
(
|κ× b|2 −
(κ× b · p⊥)
2
γ2m2c2
)
−w.(B.4)
Based on the new γ and h, one can use Lie-perturbation method to find the guiding-
center one-form and Hamiltonian, following the ordering in Eq. (7) and the steps in Sec.
3. Then in the derivation of the second-order terms in the guiding-center Hamiltonian,
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it is found that the correction term brought by G
p‖
2 , as shown in Eq. (37), can be
canceled by the second term on the right-hand-side of Eq. (B.4), which makes the
Hamiltonian independent of the gyro-motion. In other words, with the help of the initial
transformation, there is no need to introduce a new definition of magnetic moment, and
the the guiding-center transformation becomes the same as the standard one.
The magnetic moment is simply µ = p2⊥/2mB in the transformed particle
coordinates. Considering Eq. (B.2), the expression in the original particle coordinates
is
µp =
1
2mB
∣∣∣∣∣p⊥ + (p · b)
2
qB
κ× b
∣∣∣∣∣
2
, (B.5)
which is the same as Eq. (1). This approach is similar to the non-perturbation transform
used in [32] to simplify the Lagrangian, but here we apply the transform on the particle
Lagrangian and Hamiltonian before guiding-center transform instead of after it.
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